Cellini's descent algebra, dynamical systems, and semisimple conjugacy classes of finite groups of 

Lie type 

By Jason Fulman 

Stanford University 

Department of Mathematics 

Building 380, MC 2125 

Stanford, CA 94305 

email:fulman@math. stanford.edu 

1991 AMS Primary Subject Classifications: 20G40, 20F55 



1 



Proposed running head: Cellini's descent algebra 



2 



Abstract 

By algebraic group theory, there is a map from the semisimple conjugacy classes of a finite 
group of Lie type to the conjugacy classes of the Weyl group. Picking a semisimple class 
uniformly at random yields a probability measure on conjugacy classes of the Weyl group. We 
conjecture that this measure agrees with a second measure on conjugacy classes of the Weyl 
group induced by a construction of Cellini which uses the affine Weyl group. This is verified 
in some cases such as type C odd characteristic. For the identity conjugacy class in type A, 
the proof of the conjecture amounts to an interesting number theoretic reciprocity law. More 
generally the type A case leads to number theory involving Ramanujan sums. Models of card 
shuffling, old and new, arise naturally. In type C even characteristic connections are given with 
dynamical systems. We indicate, at least in type A^ how to associate to a semisimple conjugacy 
class an element of the Weyl group, refining the map to conjugacy classes. 

Key words: card shuffling, hyperplane arrangement, conjugacy class, descent algebra, dynamical 
systems. 



1 Introduction 

In performing a definitive analysis of the Gilbert-Shannon-Reeds model of card-shuffling, Bayer 
and Diaconis [ BaD|| defined a one-parameter family of probability measures on the symmetric 



group Sn called fc-shuffles. Given a deck of n cards, one cuts it into k piles with probability of 

(■ " ■ ) 

pile sizes j'l, • • • ,jk given by ^^\n'' ■ Then cards are dropped from the packets with probability 
proportional to the pile size at a given time (thus if the current pile sizes are Ai, - ■ ■ , A^, the next 
card is dropped from pile i with probability ). They proved that \log2{n) 2-shuffles are 



necessary and suffice to mix up a deck of n cards (|F4| shows that the use of cuts does not help to 



speed things up). These fc-shuffles induce a probability measure on conjugacy classes of Sn, hence 



on partitions A of n. Diaconis, McGrath, and Pitman |DMP| studied the factorization of random 
degree n polynomials over a field Fq into irreducibles. The degrees of the irreducible factors of a 



randomly chosen degree n polynomial also give a random partition of n. The main result of |DMP| 



is that this measure on partitions of n agrees with the measure induced by card shuffling when 



k = q. The cycle structure of biased riffle shuffles was studied in [Fl| 



It is worth observing that the GSR measures are well-studied and appear in many mathematical 



settings. The paper [Han] is a good reference to applications to Hochschild homology (tracing 



back to Gerstenhaber and Schack [ Geif| ), and the paper [ BW ] describes the relation with explicit 
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versions of the Poincare-Birkhoff-Witt theorem. Section 3.8 of [SSt| describes the type A measure 



in the language of Hopf algebras. In recent work, Stanley |Sta] has related biased riffle shuffles 
with representation theory of the symmetric group, thereby giving an elementary probabilistic 
interpretation of Schur functions and a different approach to some work in the random matrix 
community. He recasts and extends many of the results of |BaD| and Q using quasisymmetric 
functions. 



The paper |F2], building on the papers [ |BBHT|] and [piHaRoj , defined card shuffling measures 



Hw,x for any finite Coxeter group and real non-zero x (and actually for any real hyperplane ar- 
rangement). These measures extend the GSR shuffles and have attractive properties, the most 
important of which is that Hyy^xiw) > if is crystallographic and a; is a good prime for W. 
Observe that monic degree n polynomials over Fg are precisely the semisimple conjugacy classes of 
GL{n,q), and that there is for general types a natural map <I> from semisimple conjugacy classes 
of finite groups of Lie type to conjugacy classes of the Weyl group (this will be reviewed in Section 
^). It would be natural to conjecture that the measures -ffvK.x are related to semisimple conjugacy 
classes of finite groups of Lie type. This is not the case, and it emerges that the measures 
Hw,x are instead related to the semisimple adjoint orbits of finite groups of Lie type on their Lie 



algebras. By a theorem of Steinberg | Stei ] the number of semisimple adjoint orbits and number of 
semisimple conjugacy classes are both equal to g*" where r is the rank of the group; however com- 
binatorially they are quite different. One of the aims of this paper is to understand this difference, 
giving analogs of for semisimple conjugacy classes. 

It will be supposed for the rest of the paper that G is a connected, semisimple, simply connected 
group defined over a finite field of q elements. Let Q be the Lie algebra of G. Let F denote both a 
Frobenius automorphism of G and the corresponding Frobenius automorphism of Q. Suppose that 
G is F-split. Thus in type A the group under consideration is SL(n,q) rather than GL[n,q). The 
theory of how random characteristic polynomials of SL{n,q) factor into irreducibles is much more 
complicated than the GL{n,q) case, and involves for instance the value of n mod q. 

Let n = {ai, • • • , a,.} be a set of simple roots for a root system of a finite Coxeter group W of 
rank r. Recall that the descent set Des{w) C n of an element w oiW \s the set of simple positive 



roots which w maps to negative roots. Let d{w) = \Des{w)\. Solomon [Sol| constructed his so 
called descent algebra as follows. For any / C n, let 

Yi = {w(^ W\Des{w) = I]. 
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He proved that any product YjYk is a linear combination of the l/'s with non-negative integral 
coefficients. Cellini [|Cel | defined a different type of descent algebra, replacing the set of simple roots 



n by all vertices of the extended Dynkin diagram (thus including the possibility that the highest 
root may be sent to a negative root). This definition will be recalled in Section ||, and Section ^ 
indicates how in types A and C it gives rise to some new physical models of card shuffling. 

Conjecture 1 relating semisimple conjugacy classes to Cellini's work will be given in Section 
together with its proof in some cases. Explicit formulas for Xk will be given for type A. Even in 
the simplest possible case-the identity conjugacy class in type ^-Conjecture 1 is interesting and 
amounts to a number theoretic reciprocity law. Section |5| describes connections with dynamical 
systems. As one example, it is shown that a proof of Conjecture 1 for type C in even characteristic 
would give an alternate solution to a problem concerning the cycle structure of unimodal maps. 



Along the way. the Rogers- Weiss [ RogW | enumeration of transitive unimodal maps is given a first 
combintarial proof. In Section ^, we discuss the possibility of refining the map ^ so as to associate 
to a semisimple conjugacy class an element of the Weyl group. As with Cellini's work, the ideas 
rely heavily on the affine Weyl group. We illustrate the discussion for the symmetric group on three 
symbols and pose a more general conjecture. 



To close the introduction, we mention the follow-up paper |F4| which compares the type A 
affine shuffies considered here with ordinary riffie shuffles followed by cuts. Using representation 
theoretic work on the Whitehouse module, the cycle strucutre of riffle shuffles followed by a cut 
was determined. When gcd(n,q — 1) = 1, strong evidence is given that these measures, though 
different, coincide at the level of conjugacy classes. 

2 Background 

Recall that G is a connected, semisimple, simply connected group defined over a finite field of 
q elements. Letting F be a Probenius automorphism of G, we suppose that G is F-split. Next 
we recall the map ^ from semisimple conjugacy classes c of G^ to conjugacy classes of the Weyl 
group. Since the derived group of G is simply connected (the derived group of a simply connected 



group is itself). Theorem 3.5.6 of |C1| gives that the centralizers of semisimple elements of G are 
connected. Consequently x is determined up to conjugacy in G^ and Cg{x), the centralizer in G of 
X, is determined up to G^ conjugacy. Let T be a maximally split maximal torus in Gg{x)- Then T 



is an F-stable maximal torus of G, determined up to G conjugacy. By Proposition 3.3.3 of [Cl| 
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the conjugacy classes of F-stable maximal tori of G are in bijection with conjugacy classes of 
W . Define $(c) to be the corresponding conjugacy class of W . 

For example (e.g. page 273 of | Mac| ]) in type An-i the semisimple conjugacy classes of SL(n, q) 



correspond to monic degree n polynomials f{z) with constant term 1. Such a polynomial factors 
as Hi fi^ where the fi are irreducible over Fq. Letting di be the degree of /j, $(c) is the conjugacy 
class of Sn corresponding to the partition (d"'). 



Next we recall the work of Cellini |C1] (the definition which follows differs slightly from hers, 
being inverse and also making use of her Corollary 2.1). We follow her in supposing that is a Weyl 
group (i.e. crystallographic) . Letting denote the negative of the highest root, let H = H U oq- 
Define the cyclic descent Cdes{w) to be the elements of H mapped to negative roots by w, and 
let cd{w) = \Cdes{w)\. For instance for Sn the simple roots with respect to a basis ei, • • • , are 
ei — ej+i for i = 1, • • • , n — 1 and = e„ — ei. Thus the permutation 4 1 3 2 5 (in 2-line form) has 
3 cyclic descents. 

For / C n, put 

Ui = {we W\Gdes{w) n / = 0}. 
Let Y be the coroot lattice. Then define atj by 

|{t G y| < ao, t >= k, < Oi, t >= for a-i ^ I — ao, < ai,t >> for G IT — /}| if ao € / 
\{t e y| < aQ,t >< fc, < ttj, t >= for ai e I,< ai,t » for Oi eU- I}\ if ao / 

Finally, define an element of the group algebra of W by 

/cn wgUi 

Equivalently, the coefficient of an element w in Xk is 

ICn-Cdes(w) 

For the purpose of clarity, in type A this says that the coefficient of w is Xk is equal to 
multiplied by the number of integers vectors (ui, • • • , Vn) satisfying the conditions 

1. vi-\ \-Vn = 

2. Vi > V2 > ■ ■ ■ > Vn,Vi - Vn < k 

3. Vi > fj+i if ■w{i) > w{i + 1) (with 1 < i < n — 1) 
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4. vi < Vn + k if w{n) > w{l) 

Prom Cellini (loc. cit.), it follows that the Xk satisfy the following two desirable properties: 

1. (Measure) The sum of the coefficients in the expansion of in the basis of group elements 
is 1. Equivalently, 

icn 

In probabilistic terms, the element Xk defines a probability measure on the group W. 

2. (Convolution) XkXh = Xkh- 

The above definition of x^ is computationally convenient for this paper. We note that Cellini 
(loc. cit.) constructed the Xk in the following more conceptual way, when is a positive inte- 
ger. Let Wk be the index subgroup of the affinc Weyl group generated by reflections in the 
hyperplanes corresponding to {ai, • • • , a^} and also the hypcrplane {< x, ao >= k}. There are k"^ 
unique minimal length coset representatives for Wk in the affine Weyl group, and x^ is obtained 
by projecting them to the Weyl group. 

The following problem is very natural. It would also be interesting (at least in type A) to relate 
the Xfe's to cyclic and Hochschild homology. 

Problem: Determine the eigenvalues (and multiplicities) of Xk acting on the group algebra by 
left multiplication. More generally, recall that the Fourier transform of a probability measure P at 
an irreducible representation p is defined as X^^^vK P{w)p{w). For each p, what are the eigenvalues 
of this matrix? 

3 Physical Models of Card Shuffling 

We pause to give examples which both illustrate the definition of and gives a relation with models 
of card shuffling (some of them new). Writing = X^c^^iu in the group algebra, the notation x'^^ 
will denote Y^CyjW^^. 

Proposition 1 When W is the symmetric group S2n, the element (a;2)~^ has the following proba- 
bilistic interpretation: 
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Step 1: Choose an even number between 1 and 2n with the probability of getting 2j equal to 

(2") 

2;2n-i ■ Prom the stack of 2n cards, form a second pile of size 2j by removing the top j cards of the 
stack, and then putting the bottom j cards of the first stack on top of them. 

Step 2: Now one has a stack of size 2n — 2j and a stack of size 2j. Drop cards repeatedly 
according to the rule that if stacks 1, 2 have sizes A, B at some time, then the next card comes from 
stack 1 with probability and from stack 2 with probability . (This is equivalent to choosing 
uniformly at random one of the (^) interleavings preserving the relative orders of the cards in each 
stack). 

The description o/x^^ is the same for the symmetric group S2n+i, except that at the beginning 
of Step 1, the chance of getting 2j is and at the beginning of Step 2, one has a stack of size 

2n + 1 — 2j and a stack of size 2j . 



Proof: We argue for the case S2n, the case of S2n+i being similar. Recall that in type A2„-i the 
coroot lattice is all vectors with integer components and zero sum with respect to a basis ei, ■ • • , e2n, 
that a, = ej — Cj+i for z = 1, • • • , 2n — 1 and that oq = C2n — ^i- The elements of the coroot lattice 
contributing to some 02,7 are: 

(0,0, •■■,0,0) I = fl-ao 

(1, 0, 0, ■ • • , 0, 0, -1) / = n - {ai, a2n-i} 

(1, 1, 0, 0, ■ ■ ■ , 0, 0, -1, -1) 7 = n - {a2, a2n-2} 

(1, 1, • • • , 1, 0, 0, -1, • • • , -1, -1) / = n - {an-i,an+i} 
(!,!,■■■, 1,1, -1,-1) / = n-a„ 

One observes that the inverses of the permutations in the above card shuffling description for a 
given j contribute to ui where 

n - ao if 2j = 

n - {ctfe, a2n-k} if 2j = 2min{k, 2n - k) 
n - if 2j = 2n 

The total number of such permutations for a fixed value of j is (2^)) the number of interleavings 
of 2n — 2j cards with 2j cards preserving the relative orders in each pile. Since X]j=o (2^) ~ 2^"^^, 
and X2 is a sum of 2^^~^ group elements, the proof is complete. □ 

The following problem is very natural. 
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Problem: Find a physical description the elements Xk in type A for integer k > 2. 

As a second example, we describe the elements Xk in type Cn (this was essentially done for 
/c = 2 in [ |Ce2 |). Lemma |l|, which follows easily from Theorem 1 of |Ce2| , gives a formula for Xk- 
Lemma || also implies that for k odd the x^ measure is equal to the measure Hc„,k of |F2]. 



Lemma 1 Let d{w) and cd{w) denote the number of descents and cyclic descents ofw€ Cn- Then 
the coefficient of w in Xk is 

^(^+n-^W) kodd 

_i^(|+n-c.(.)) fc even 



Proof: For the first assertion, from Theorem 1 of |Ce2|, the coefficient of w in Xk is 



1 



' k-V 



n — d{w) 
I- d{w) ^ 



1 



fn-d{w)' 
^" , ^ ^ V ^ / \ ri-l 

l=d{w) \ / \ / 
1 n /k-V 

_ V I ~ 

^ 1=0 

J_(^ + n-d{w)' 
n 



n — d{w) 
I l\ n-l 



The second assertion is similar and involves two cases. □ 



Proposition ^ shows that the elements Xk in type C arise from physical models of card-shuffling. 



The models which follow were made explicit for A; = 2 in | BaD | and for A; = 3 in |BB|. The implied 
formulas for card shuffling resulting from combining Propositions || and |2| may be of interest. 



Proposition 2 The element ^ in type Cn has the following description: 

Step 1: Start with a deck of n cards face down. Choose q numbers ji,---,jk multinomially 

( ■ .". ■ ) 

with the probability of getting ji, - ■ ■ ,jk equal to . Make k stacks of cards of sizes j'l, • • • ,jk 

respectively. If k is odd, then flip over the even numbered stacks. If k is even, the flip over the odd 
numbered stacks. 

Step 2: Drop cards from packets with probability proportional to packet size at a given time. 
Equivalently, choose uniformly at random one of the (j^ jj interleavings of the packets. 

Proof: The proof proceeds in several cases, the goal being to show that the inverse of the above 
processes generate w with the probabilities in Lemma ||. We give details for one subcase-the 
others being similar-namely even k when w satisfies cd{w) = d{w). (The other case for k even is 
cd{w) = d{w) + 1). The inverse of the probabilistic description in the theorem is as follows: 
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Step 1: Start with an ordered deck of n cards face down. Successively and independently, cards 
are turned face up and dealt into one of k uniformly chosen random piles. The even piles are then 
flipped over (so that the cards in these piles are face down). 

Step 2: Collect the piles from pile 1 to pile k, so that pile 1 is on top and pile k is on the bottom. 

Consider for instance the permutation w given in 2-line form by —2 314 — 6 — 5 7. Note that 
this satisfies cd{w) = d{w) because the top card has a negative value (i.e. is turned face up). It is 
necessary to count the number of ways that w could have arisen from the inverse description. This 



one does using a bar and stars argument as in [ BaD |. Here the stars represent the n cards, and the 



bars represent the k — 1 breaks between the different piles. It is easy to see that each descent in 
w forces the position of two bars, except for the first descent which only forces one bar. Then the 
remaining (k — 1) — {2d{w) — \) = k — 2d{w) bars must be placed among the n cards as 



2 

consecutive pairs (since the piles alternate face-up, face-down). This can be done in (2+"'^^'^("')) 
ways, proving the result. □ 

Proposition Q leads to a direct proof of the convolution property in type C, arguing along the 
lines of the proof of the convolution property for the type A riffle shuffles of | BaD| (which are 
different from the type A shuffles considered here). 

4 First Main Conjecture 

This section presents the main conjecture relating the elements Xk to semisimple conjugacy classes 
of finite groups of Lie type, followed by evidence in its favor. 

Conjecture 1: Let G be a connected, semisimple, simply connected group defined over a finite 
field of q elements. Letting F be a Frobenius automorphism of G, suppose that G is F-split. Let c 
be a semisimple conjugacy class of G^ chosen uniformly at random. Then for all conjugacy classes 
C of the Weyl group W, 

Probability (^{c) = C) = ^ Coef. of 

w£C toGC 

To begin, we derive an expression for Xk in type ^n-i- For this recall that the major index 
of w is defined by maj{w) = J2 i-i<i<n-i i. The notation [^] denotes the g-binomial coefficient 

>Tj;(i + l) 

(i_g)...(i_gr)(i_g) ..(i_qn-A;-) ' L^t C m{n) dcuote the Ramanujan sum 22k ^ " where k runs over all 



integers less than and prime to m. The following lemma of Von Sterneck (see [Ram] for a proof in 
English) will be helpful. 
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Lemma 2 ( ) The number of ways of expressing n as the sum mod m of k > 1 integers of the 
set 0, 1, 2, • • • , m — 1 repetitions being allowed is 



m ., , 



d\m,k 



d 
k 

d / 



Cd(n). 



Theorem 1 In type An-i, the coefficient of w in Xk is equal to any of the following: 

1- f,n-i multiplied by the number of partitions with < n — 1 parts of size at most k — cd{w) such 
that the total number being partitioned has size congruent to —maj{w) mod n. 

2. multiplied by the number of partitions with < k — cd{w) parts of size at most n — 1 such 

that the total number being partitioned has size congruent to —maj{w) mod n. 



nk 



Ti-\-k — cdl^w)— d 

l^Y.d\n,k-cd{w){ k-ci(^) )Cd{-maj{w)) ifk-cd{w)>0 



1 



if k — cd{w) = 0, maj{w) = mod n 
otherwise 



4- 



1 



k 



— Y^Coeff.ofq^-^in (q 

r=0 



.m,aj(w) 



k + n — cd{w) — 1 
n — 1 



Proof: Using the definition of x^, one sees that 



Xk 



E 



ICn-Cdes{w) 



E 



■"iH \-Vn=0,vi>---v^_i>Vn,vi—Vn<k,vGZ'^, 

'i'j>fi_|_l if e^ — e^_j_]^ GC<ies(i(j), arid vi<Vn+k if a(jGCdes(u)) 



:^j:Coeff. of 



in 



E 



r=0 



^-i + 1 1 ^Odes{w) , and v-^ Kvn -\-k if ckq £ Cdes{w) 



Now let v'^ = Vi — \{j : i < j < n — l,w{j) > w{j + 1)}|. Then the expression for Xk simphfies to 



1 oo 

-^iT^Coeff. of q- 



r=0 
oo 



in ^ q 

k-cd{w)>v[>■■■v'^_-^^>v'^=0,vGZ" 



- J2 Coeff. of g-" in q^-^'^^) ^ q 

k-cd(w)>v[>-v'^_^>v'^=0,v£Z 



E'^^+E, \{r-i<3<-n'-l,w{j)>w{j+l)}\ 



r=0 
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This proves the first assertion of the theorem. The second assertion fohows from the first 
by viewing partitions diagramatically and taking transposes. The third assertion fohows from the 
second and Lemma ^. The fourth assertion fohows from either the first or second assertions together 
with the weh-known fact that the generating function for partitions with at most a parts of size at 



most b is the q-binomial coefficient 



a+b 



.□ 



Note that the second formula simphfies when n = A: is and n is prime, since 1 < cd{w) < n for 
all w ^ Sn- The follow-up proves Conjecture 1 in this case. 

Next we prove Conjecture 1 for the symmetric group 5*3, leaving the case 5*2 as an exercise to 
the reader. Recall that the semisimple conjugacy classes of SL{3, q) are monic degree 3 polynomials 
with constant term 1 and are in number. 

Theorem 2 Conjecture 1 holds for S3. 

Proof: Theorem ^ calculates Xg for ^3. Thus it is only necessary to calculate the left hand side 
of the quantity in Conjecture 1 for each conjugacy class of 5*3. For the identity conjugacy class this 
amounts to counting polynomials of the form (x — a){x ~ b){x ~ c) with abc = 1. By the principle 
of inclusion and exclusion, the number of such polyomials with distinct roots is -3^(g-i)+2e 
where e is the number of cube roots of 1 in Fg. The number of solutions with exactly two of {a, b, c} 
equal is g — 1 — e and the number of solutions with a = b = c is e. Thus the total number of such 
polynomials is 

2^ if g = 0, 2 mod 3 
iiq=lmod3 

agreeing with the coefficient of the identity in Xg. For the conjugacy class corresponding to a 
tranposition, one must count monic degree 3 polynomials factoring into a quadratic and a linear 
factor, with product of the roots equal to 1. This is simply the number of degree 2 irreducible 

2 

polynomials, i.e. since the degree 1 factor is then determined. This answer agrees with the 

answer in the first step. Since the only class left is the class of 3-cycles and because the total 
number of semisimple conjugacy classes of SL{3,q) is g^, the proof is complete. □ 

As a consequence of Lemma ^ and Theorem ||, one obtains a verification of Conjecture 1 for the 
identity conjugacy class in type A. For this we need the following corollary of Lemma ^. It can be 
regarded as a sort of modular combinatorial reciprocity law. As such, a direct combinatorial proof 
is desirable. 
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Corollary 1 For any positive integers x,y, the number of ways (disregarding order and allowing 
repetition) of writing n (mod y) as the sum of x integers of the set 0, 1, • • • ,y — 1 is equal to the 
number of ways (disregarding order and allowing repetition) of writing n (mod x) as the sum of y 
integers of the set 0, 1, ■ • • , x — 1. 

Proof: It is enough to show that 

1 / x+y-d \ 1 / x+y-d \ 

d\x,y \ d / d\x,y \ d / 

Elementary algebra shows that the terms corresponding to a given value of d on both sides of this 
equation are equal. □ 

Corollary 2 Conjecture 1 holds for the identity conjugacy class in type A. 

Proof: The semisimple conjugacy classes c of SL{n, q) such that ^(c) = id are simply the number 
of ways (disregarding order) of picking n elements of F* whose product is the identity. After 
choosing a generator for F* viewed as a cyclic group of order q — 1, one sees that the number of 
such semisimple conjugacy classes is the number of ways of expressing as the sum mod g — 1 of 
n integers from the set 0,l,2,---,q — 2. By Lemma || and the fact that there are semisimple 
conjugacy classes, the probability that $(c) = id is 



i y 



d 
n 



il-^n d\q-l,n\ d 

By Theorem |l] the coefficient of the identity in Xg is equal to 



d 



d|n,ij— 1 \ d / 

The result follows by arguing as in Corollary ||. □ 

Proposition |3| shows that Conjecture 1 has an reformulation in terms of generating functions 
for type A. This reformulation is interesting because one side is mod n and the other side is mod 
k — W For its proof, Lemma ^ will be helpful. 

Lemma 3 Let fn.k,d be the coefficient of z"^ in {^jEyY ■ Then l/iJ2d\i l^id)fm,k,i/d ^•^ number 
of size i aperiodic necklaces on the symbols {0, 1, - ■ ■ ,k — 1} with total symbol sum m. 

Proof: This is an elementary Mobius inversion running along the lines of a result in |Q. □ 
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Theorem 3 Let fn,k,d the coefficient of z"' in { ^^Zi )'^- Let ni{w) be the number of i- cycles in a 
permutation w. Then Conjecture 1 in type A is equivalent to the assertion (which we intentionally 
do not simplify) that for all n, k, 



Y: Coef. of q^u-t^ in ^ ^ t^di^) ^n^aji^) J| ^-»(-) 

mod n n=0 ' ' ' U ) 

OO OO OO -| 

E Coef. of q-u-t^ ^nY.t'\{\{ ^ i_,m,.^ ) 

mod k-1 i a X,,U 

Proof: The left hand side is equal to 



m=0 mod k—1 fc=0 i=l m=l 



wdSn m=0 mod n 



y y Coe f. of q^^t'^-^'iM in ^-i- g^najM FT 



^ Coef. of q"" inl""^^ ^ "^^^^ ^ ] q"'''^^^^ [] x^^'^ 



wGSn m=0 mod n 

where the last step uses Theorem 349 on page 280 of [ HarW | . Note by part 4 of Theorem || that 



this expression is precisely the cycle structure generating function under the measure Xk, multiplied 
by 

To complete the proof of the theorem, it must be shown that the right hand side gives the cycle 
structure generating function for degree n polynomials over a field of k elements with constant term 
1. Let </> be a fixed generator of the multiplicative group of the field of k elements, and let Tj 
be a generator of the multiplicative group of the degree i extension of F^, with the property that 
^ig 1) _ Recall Golomb's correspondence between degree i polynomials over and size i 

aperiodic necklaces on the symbols {0, 1, • • • , A; — 1}. This correspondence goes by taking any root 
of the polynomial, expressing it as a power of Tj and then writing this power base k and forming 
a necklace out of the coefficients of 1, /c, A;^, • • • , A;*"^. It is then easy to see that the norm of the 
corresponding polynomial is (j) raised to the sum of the necklace entries. The result now follows 
from Lemma ^. Note that there is no m = term because the polynomial z can not divide a 
polynomial with constant term 1. □ 

Other evidence in favor of Conjecture 1 is its correctness for type C in odd characteristic. It is 
perhaps surprising that type C is simpler to handle than type A. The reason for this phenomenon, 
also encountered by Cellini Ce2|, is that for type C, the coefficient of w in the element X2k+i 



depends only on the descent set of w and not on the cyclic descent set. 
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The following counting Lemma of |FNP| will be helpful. 



Lemma 4 Let e = 1 if q is even and e = 2 if q is odd. The number of manic, degree n 
polynomials f{z) over Fg with non-zero constant coefficient and invariant under the involution 
f{z) ^ /(0)-iz«/(l) IS 

e if n = 1 

if n is odd and n > 1 

d\n /i(d)(g2d + 1 — e) Otherwise 

d odd 

Theorem 4 Conjecture 1 holds for type C in odd characteristic. 

Proof: From Lemma |l], when q is odd the coefficient of w in Xq is the same as the formula for 
Hc„,q{uj) in |F3| (stated there for type B but which is the same in type C as it is defined only in 
terms of descents sets-for which types B, C are equivalent-and not in terms of cyclic descents). 
The paper |F3| showed, using delicate combinatorial techniques of Reiner |0, that Conjecture 



holds for type C. Thus it suffices to show that the mass on a class C of 1^ obtained by picking 
one of the semisimple conjugacy classes of Sp(2n, q) at random and applying $ is equal to the 
mass on a class C oiW obtained by picking one of the semisimple adjoint orbits of Sp{2n, q) on 
its Lie algebra at random and then applying <I>. 

To do this, recall first that the semisimple conjugacy classes of Sp{2n, q) are monic degree 2n 
polynomials f{z) with non-zero constant term invariant under the involution sending f[z) to f{z) = 
-y^of-- The conjugacy classes of C„ correspond to pairs of vectors (A, p,) where A = (Ai, • • • , A„), 
/2 = {fii, ■ ■ ■ , fin) and Aj (resp. fii) is the number of positive (resp. negative) i cycles of an element 



of C„, viewed as a signed permutation. From Section 3 of [ |C^ and Section 2 of | SpStei |, the map 
$ can be described as follows. Factor / uniquely into irreducibles as 

n i^M'^ n _ 

{<t>j,<l>j} 4>j:<t>j=<t>j 

where the are monic irreducible polynomials and s^^ € {0, 1}. Note that all terms in the second 
product have even degree. This is because by Lemma Q all (j) invariant under the involution ~ have 
even degree, except possibly zitl. However zitl must each appear with even multiplicity as factors 
of the characteristic polynomial of an element of Sp{2n, q) and hence only contribute to the first 
product. The class of W corresponding to / is then determined by setting Xi{f) = J2^:deg{cj>)=i ''"<!> 

and /ii(/) = J2<p:degi<P)=2iS<p- 
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Next, recall that the semisimple orbits of Sp{2n,q) on its Lie algebra are monic degree 2n 
polynomials f{z) satisfying f(z) = f{—z). Arguing as in the previous paragraph, the description 
of the map ^> is similar. One factors / uniquely into irreducibles as 

n [M^)M-^)T'^ n M^y^ 

{4,j{z),<l>j{-z)} (t>j:<f>j{z)=<j>j{-z) 

where the (t)j are monic irreducible polynomials and s^^ G {0, 1}. Then \i{f) = J2ct>:deg{(f>)=i''^(p ^'^d 
= J2(j,:deg{(i))=2i ^(f>- Thus the theorem will follow if it can be shown that the number of monic, 
degree 2m irreducible polynomials satisfying / = / is equal to the number of monic, degree 2m 
irreducible polynomials satisfying f{z) = f{—z). From Lemma ^, the first quantity is 

d\m 
d odd 

This formula agrees with the second quantity, as computed in . □ 



5 Dynamical Systems 

This section is divided into two subsections. The first indicates the relationship of Conjecture 1 
for type C even characteristic to Gannon's enumeration of unimodal maps by cycle structure. His 
results are then reexpressed in a form amenable to asymptotic analysis and some conclusions are 
drawn. Along the way a result from dynamical systems is given a combinatorial proof. The second 
subsection considers enumeration of type A Bayer-Diaconis shuffles by the shape of their cycles 
(which is a finer invariant than their length). 

5.1 Hyperoctahedral Shuffles 

Theorem ^ reformulates Conjecture 1 in type C even characteristic. 

Theorem 5 Let \i{w) and ^i{w) he the number of positive and negative i-cycles of a permutation 
w in some Cn and let cd{w) he the number of cyclic descents of w. Then in even characteristic 
Conjecture 1 follows from the generating function identity 

1 \ ^ — 

n>0 ^ ^' w&Cr, i>l 3>0 m>l ^ 
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Proof: Suppose that the identity of the theorem is true. Then taking coefficients of on both 
sides would yield the equation 

J i>l ' ' m>l ^ ~ y™^™ 

Set s = f (which is an integer since q is assumed even). Taking the coefficient of u^JJixf'y'^^ on 
the left hand side of this equation and dividing by q'^ gives by Lemma |^ the probability that an w 
chosen according to the Xq probability measure is in a conjugacy class with Aj positive z-cycles and 
/ij negative z-cycles for each i. By Lemma ^, doing the same to the right hand side of the equation 
gives the probability that when one factors a uniformly chosen random degree 2n polynomial over 
Fq as 

n [M^)M-^)T'^ n M^y^ 

{4,j{z),<l>j{-z)} <f>j:<f>j{z)=<j>j{-z) 

(with are monic irreducible polynomials and s^^. € {0, 1}), that one obtains Aj = ^^■,deg{(l>)=i'''<t> 
and = J2(i)-deg{(l>)=2i ^<f>- theorem now follows from the fact that in even characteristic the 

map <I> of Conjecture 1 has the same description as in the proof of Theorem ^ □ 

We remark that a generating function identity very similar to that in Theorem |5| appears in |Q . 
It must be the case that a modification of Reiner's bijections will lead to a proof of the identity. 

The next result relates to the enumeration of unimodal permutations by cycle structure. Here 
a unimodal permutation w on the symbols {1, • • • , n} is defined by requiring that there is some i 
with 1 <i <n such that the following two properties hold: 

1. If a < 6 < i, then w{a) < w{b). 

2. If i < a < 6, then w{a) > w{h). 

Thus i is where the maximum is achieved, and the permutations 12 - ■ ■ n and nn — 1 • • • 1 are counted 
as unimodal. For each fixed i there are ("Ji) unimodal permutations with maximum i, hence a 
total of 2"~^ such permutations. Note that this is exactly one half the number of terms in an 
inverse 2-shuffle for type C„. 

Motivated by biology and dynamical systems, Rogers |Ro| posed the problem of counting uni- 
modal permutations by cycle structure. This problem was solved by Gannon who gave a construc- 
tive proof of the following elegant (and more fundamental) result. For its statement, one defines 
the shape s of a cycle (ii • • ■ ik) on some k distinct symbols (call them {1, • • • , k}) to be the cycle 
{T{ii) • • ■ T{ik)} where r is the unique order preserving bijection between {ii, • • • , ik} and {1, • • • , k}. 
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Theorem 6 f ^Gc\l ) Let si,S2,- ■ ■ denote the possible shapes of transitive unimodal permutations. 
Then the number of unimodal permutations with Ui cycles of shape Si is 2^"'^, where I is the number 
of i for which > 0. 

Theorem ^ can be rewritten in terms of generating functions. 

Corollary 3 Let ns{w) be the number of cycles of w of shape s. Let \s\ be the number of elements 
in s. Then 

°° ^ ^ „ ^„^ ^ ,^ 2xJ'\ 



E n n (1+ 



2"-i ^ 11 ' 11 ^ 2l^l - Xsul^l 

n=i lufcSn s shape s shape 

w unimodal 



OO 



n=l weSn s shape s shape 

w unimodal 



Proof: For the first equation, consider the coefficient of Hs ^^"''liS on the left hand side. It 
is the probability that a uniformly chosen unimodal permutation on \s\ns symbols has Us cycles 
of shape s. The coefficient on the right hand side is 2l'f'^-"=>'^J'l~X]"''. These are equal by Theorem 
^. To deduce the second equation, observe that setting all = 1 in the first equation gives that 

' n ' 



l-u \^ 21*1-^1^1 

s shape 

Taking reciprocals and multiplying by the first equation yields the second equation. □ 
Remarks: 

1. The second equation in Corollary]^ has an attractive probabilistic interpretation. Fix u such 
that < n < 1. Then choose a random symmetric group so that the chance of getting Sn 
is equal to (1 — u)u^. Choose a unimodal w € 5„ uniformly at random. Then the random 
variables ns{w) are independent, each having distribution a convolution of a binomial( ^ | ^"|^^|^| ) 
with a geometric(l — ^^)- 

As another illustration of the second equation in Corollary ^, we deduce the following corollary, 
extending the asymptotic results in [ |Ga| that asymptotically 2/3 of all unimodal permutations 
have fixed points and 2/5 have 2-cycles. 

Corollary 4 In the n — > oo limit, the random variables Ug converge to the convolution of a 
binomial{^l^^) with a geometric{l — ^) and are asymptotically independent. 
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Proof: The result follows from the claim that if f{u) has a Taylor series around and 
/(I) < oo and / has a Taylor series around 0, then the n ^ oo limit of the coefficient of in 
is /(I). To verify the claim, write the Taylor expansion f(u) = Z^^o^"'"" ^^"^ observe 

m. 



that the coefficient of in = J2i=o^i- ^ 



There is still more to be done, for instance studying the length of the longest cycle. 

2. The type Cn shuffles also relate to dynamical systems in another way, analogous to the type 
A construction for Bayer-Diaconis shuffles [BaD] described in the next subsection. Here we 



describe the case k = 2. One drops n points in the interval [—1, 1] uniformly and indepedently. 
Then one applies the map x 2\x\ — 1. The resulting permutation can be thought of 
as a signed permutation, since some points preserve and some reverse orientation. From 
Proposition |^, this signed permutation obtained after iterating this map r times has the 



distribution of the type C„ shuffle with k = 2"^ . Lalley | Lal | studied the cycle structure of 
random permutations obtained by tracking n uniformly dropped points after iterating a map 
a large number of times. His results applied to piecewise monotone maps, and he proved 
that the limiting cycle structure is a convolution of geometries. Hence Corollary |^ shows that 
Lalley 's results do not extend to functions such as x i-^ 2|x| — 1. 



Lemma g will be useful. Its proof by Rogers and Weiss [ RogW | used dynamical systems. Here 



a different proof is presented using combinatorial machinery of Gessel and Reutenauer | GesR | 



Lemma 5 The number of transitive unimodal n- cycles is 

In 

d\n 
d odd 



Proof: Symmetric function notation from Chapter 1 of Macdonald [Mac] is used. Thus px,hx 
,e\,sx are the power sum, complete, elementary, and Schur symmetric functions parameterized by 
a partition A. From Theorem 2.1 of |GesR], the number of w in S'„ with a given cycle structure and 



_ 

descent set D is the inner product of a Lie character Ln = ^ J2d\n l-^{d)Pd ^'^d ^ Foulkes character 



^C{D)- From the proof of Corollary 2.4 of |GesR| , Fqi^j^^ = X]|A|=n /^a^^a where [3\ is the number of 



standard tableaux of shape A with descent composition C{D). Thus the sought number is 



„ n— 1 



< - E ' en + E +K> . 



71 

d\n i=2 
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Expanding these Schur functions using exercise 9 on page 47 of |Mac], using the fact that the p\ are 
an orthogonal basis of the ring of symmetric functions with known normahzing constants (page 64 
of |Mac|), and using the expansions of e„ and hn in terms of the p\s (page 25 of [ [Mac| ) it follows 
that 



1 R 

< - ^^(d)Pd > en + 51 +K> 

d\n 1=2 

1 i 

d\n i even 

1 H 

-YfJ-i^) < Pd ' Y hdiCn-di > 
" d\n 

di even 

1 ^ ^ V- (-l)"-'^^-S+^ 



1 



i I d 



-Y,A<i)(--i)"-^ Y. (-1) 



d\n 
d odd 



□ 



Theorem ^ relates Conjecture 1 to the enumeration of unimodal permutations by cycle structure. 
Due to Corollary]^, it can be taken as evidence in favor of Conjecture 1. 

Theorem 7 Suppose that Conjecture 1 holds for type C when k = 2. Let ni{w) be the number of 
i-cycles of w ^ 5„. Then 



d 



n = l vj^Sn I % 

w unimodal 

Proof: From the first equation in the proof of Theorem || and Lemma ^, it suffices to prove that 

n>l wGCn \ / "^=1 weSn i 

w unijnodal 

For this it is enough to define a 2 to 1 map rj from the 2" type C„ characteristic 2 shuffles to 
unimodal elements of Sn, such that r] preserves the number of z-cycles for each i, disregarding 
signs. 
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To define rj, recalling Proposition ^ observe that the 2 shuffles are all ways of cutting a deck of 
size n, then fflpping the first half, and choosing a random interleaving. For instance if one cuts a 
12 card deck at position 6, such an interleaving could be 

[-6, -5, 7, 8, -4, 9, -3, 10, -2, 11, -1, 12]. 

Observe that taking the inverse of this permutation and disregarding signs gives 

[11,8,6,5,2,1,3,4,6,8,10, 12]. 

Next one conjugates by the involution transposing each i with n + 1 — i, thereby obtaining a 
unimodal permutation. Note that this map preserves cycle structure, and is 2 to 1 because the first 
symbol (in the example —6, can always have its sign reversed yielding a possible shuffle). □ 

We remark that Theorem ^ gives a very natural generalization of unimodal maps, namely the 
inverses of the elements x^, disregarding sign. 

5.2 Bayer-Diaconis Shuffles 



This subsection proves an analog of Theorem |6| for the type A riffle shuffles of paD ]. First recall 
that their k- shuffles on the symmetric group Sn may be described as follows: 

Step 1: Start with a deck of n cards face down. Choose k numbers ji, • • • ,jk multinomially 

(■ " ■ ) 

with the probability of getting ji, • • • ,jk equal to •'^ . Make k stacks of cards of sizes j'l, • • • , j'fc 
respectively. 

Step 2: Drop cards from packets with probability proportional to packet size at a given time. 
Equivalently, choose uniformly at random one of the [j^ " jj interleavings of the packets. 
Remarks: 

1. Note that for any permutation obtained via a riffle shuffle, there are at most k rising sequences, 
corresponding to the pile sizes. Thus these riffle shuffles can be thought of as a discrete 
version of the map x ^ kx mod 1, which has exactly k equally sized intervals on which it is 
monotonically increasing. 



2. The following observation from |BaD| is useful and shows that their type A shuffle has a 
rigorous interpretation in terms of dynamical systems. Namely if one drops n points in the 
interval [0,1] uniformly and independently and then applies the map x ^ kx mod 1, the 
(random) permutation describing the reordering of the points is exactly a k shuffle on Sn- 
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The type A shuffles of this subsection were studied by cycle length in the paper |DMP|. Moti- 
vated by Theorem we consider their distribution by shape. The key tool is a bijection of Gessel 
and Reutenauer [GesR| which is analogous to Gannon's monoidal construction [|G^]. Let us review 



this bijection. 

Define a necklace on an alphabet to be a sequence of cyclically arranged letters of the alphabet. 
A necklace is said to be primitive if it is not equal to any of its non-trivial cyclic shifts. For example, 
the necklace [a abb) is primitive, but the necklace {a b a b) is not. Given a word w of length n on 
an ordered alphabet, the 2-row form of the standard permutation st{w) G Sn is defined as follows. 
Write w under 1 ■ • • n and then write under each letter of w its lexicographic order in w, where if 
two letters of w are the same, the one to the left is considered smaller. For example (page 195 of 
iGiiRl ): 

1 2 3 4 5 6 7 8 9 10 11 12 
w = bbaabcc c b c b b 
st{w) = 341259 10 11 6 12 7 8 

For a finite ordered alphabet A, Gessel and Reutenauer (loc. cit.) give a bijection U from the 
set of length n words w of onto the set of finite multisets of necklaces of total size n, such that the 
cycle structure of st^w) is equal to the cycle structure of U^w). To define U^w), one replaces each 
number in the necklace of st{w) by the letter above it. In the example, the necklace of st{w) is 
(1 3), (2 4), (5), (6 9), (7 11 8 12 10). This gives the following multiset of necklaces on A: 

(a b){a b){b){b c){b cbcc) 

Proposition 3 Let si,S2r'' denote the possible shapes of cycles of k- shuffles. Let d{s~^) be the 
number of descents of the inverse of the cycle of shape s. Then the probability that a k-shuffle has 
Us cycles of shape s is 

^ /(l^l+'^-ff^)-^) + - 1\ 

A;" \^ \ rig /■ 

s shape \ / 

Proof: From the above bijection, the fc" inverse shuffles correspond to multisets of primitive 
necklaces on the symbols {1, ■ ■ ■ ,k} in a cycle length preserving way. Thus the sought probability 
is ^ times the product (over shapes s) of the number of ways choosing a multiset of size rig from the 
primitive necklaces on |s| symbols and of shape s. The number of such necklaces is (''''''^^J^'|^'^^~^) , 
because from [ BaD |, this is the probability that an inverse k shuffle on |s| symbols gives the cycle 
s. □ 
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Proposition H can be rewritten in terms of generating functions as 



CO n 
U 



n=l w£Sn \ / s shape s shape * 

6 Refining the Map $ to the Weyl Group 

This section discusses the possibihty of refining the map $ so as to naturally associate to a semisim- 
ple conjugacy class c an element w of the Weyl group. Furthermore the conjugacy class of w should 
be $(c), and the induced probability measure on W should agree with that given by Xq. Such a 
result could be important in algebraic number theory, as semisimple conjugacy classes play a key 
role in the Langlands program. For example consider a simple algebraic extension of Q whose gen- 
erator has minimal polynomial f{x). At unramified primes p, the conjugacy class of the Frobenius 
automorphism, viewed as a permutation of the roots, is given by the degrees of the irreducible 
factors of the mod p reduction of /. This is exactly the map <I> in type A. It is standard to encode 



such data over all primes into a generating function (see | Gel | for a survey). The hope is that a 
refinement of $ will lead to refined number theoretic constructs. 

This program of refining $ was partly successful in the case of semisimple orbits on the Lie 



algebra [F3]. There the key idea was a combinatorial bijection of Gessel, combined with elementary 
Galois theory. Those ideas apply to the C„ conjugacy class setting in this paper, in odd character- 
istic. Here, however, we wish to pursue another possibility, using the geometry of the affine Weyl 



group. A good background reference is Section 3.8 of Carter |C1|. For the next paragraph we follow 
his treatment. 

Let Y be the coroot lattice and W the Weyl group, so that < Y,W > is the affine Weyl group. 
The group < Y,W > acts on the vector space Y f^i R with Y acting by translations v v + y 
and W acting by orthogonal transformations. The affine Weyl group has a fundamental region in 
Y R given by 

A = {v e Y ^ R\ < ai, V >> for i = 1, ■ ■ ■ ,r, < ao,v >< 1}. 

Each element of Y ^ R is equivalent to exactly one element of the fundamental chamber. Let 
Qp' be the additive group of rational numbers | where s,t £ Z and t is not divisible by p (the 
characteristic). Proposition 3.8.1 of [CI] shows that there is an action of F on Api = Ar]{Y ^ Qp') 



given by taking the image of v & Api to be the unique element of A equivalent to F{a) under 
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< Y,W >. There are elements of Ap/ stable under this action, and by Proposition 3.7.3 of [Cl|, 
they correspond to the semisimple conjugacy classes of . 

Thus each stable point v S Ap/ satisfies F{v) = wv + y for some w & W,y £ Y. Considering 
the set of w £ W for which there is a y £ Y satisfying this equation, the idea is to choose such a 
w uniquely. The most natural possibility is to pick w of minimal length. It is not clear in general 
that such a w is unique. Lemma |^ shows that such a tt; is unique for type A, and further that it 
has the same conjugacy class as that obtained by the map <I>. The preparatory Lemma |6| will be 
helpful. 

Lemma 6 Let w' be an element of the symmetric group 5„. Let Ji, • • • , be such that {1, ■ ■ ■ ,n} 
is their disjoint union. Suppose that w' permutes Ji, • • • ,1^, and furthermore does so in such a way 
that if j € /fc is in an i-cycle under w' , then L^ is in an i-cycle in the action of w' on the set 
{Li, ■ ■ ■ , Lf} . Then w' is conjugate to the unique minimal length coset representative of the coset 
w'iSi, X ••• X 5/,). 

Proof: Let w be the unique minimal length coset representative of the coset w'{Si-^ x • • • x SjJ. 
Then w is given explicitly by reordering the images under w' of the elements within each /i , • • • , 
to be in increasing order. Consider j in some L^. Suppose that j is the rth smallest element in L^. 
If the if'-orbit of is , • • • , I; . , then the w-orbit of j consists of the rth smallest elements of each 
of /ij, • • • ,Li-, and hence has size i. By hypothesis, the w' orbit of j also has size i, implying the 
result. □ 

Lemma 7 In type A, for each stable point v € Ap' , there is a unique shortest w such that F{v) = 
wv + y for some y £Y. Letting c be the semisimple conjugacy class of corresponding to v, the 
conjugacy class of vu is <&(c). 

Proof: Denoting the coordinates of recall that a^i > X2 > • • • > Xn, xi — Xn ^ 1, 

and that + • • • + x„, = 0. Semisimple conjugacy classes c of SL{n, q) are monic polynomials with 
constant term 1. Since the roots of an irreducible degree i polynomial (j) are a Frobenius orbit of 
some element of a degree i extension of Fq lying in no smaller extension, these roots correspond to 
some subset of values of {xi, • • • , Xn} (there may be repetition among the x's) which are of the form 
{^31) ' ■ ■ ) '^~[} with Ojj, • • • , Oj, integers. For clarity of exposition, we point out that the roots of 
<j) are simply r'^Ji , • • • , r"^' for r is a generator of the multiplicative group of the degree i extension 



of Fq and was determined by the bijection in Proposition 3.7.3 of | C1 | 
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The F-action performs a cychc permutation of these i-values. Letting rj be such that the class 
c corresponds to a polynomial whose factorization into irreducibles has rj factors of degree i, it 
follows that there is a permutation w' , with rj i-cycles, which satisfies the equation F{v) = w'v + y 
for some y ^ Y and such that ^{c) is the conjugacy class of w' . Now suppose that some other w 
satisfies the equation F{v) = wv + z for some z G y. Then w'v — wv = y — z, which implies that 
w'v = wv where equality means equality of coordinates mod 1. Let /i, • • • , Jj be the partition of 
{1, • • • ,n} induced by the equivalence relation that i ~ j when Xi = Xj mod 1. Then {w')~^w is 
contained in the parabolic subgroup Si^ x • • • Sj^ . Thus the set of all permutations w satisfying the 
equation F{v) = wv + y for some y in y is simply the coset w'{Sj-^ x • • • S/J. Lemma ^ implies 
that the unique minimal length coset representative is conjugate to w'. □ 

Theorem ^ verifies that the suggested construction succeeds for the symmetric group S3. 

Theorem 8 In type A2, pick one of the F-stable elements v of Ap/ uniformly at random. Let 
w be the shortest element of W such that the equation qv = wv + y has a solution for some y (zY . 
The induced probability measure on W agrees with that given from Xq. 

Proof: First it will be shown that the probability of the identity element agrees for both measures. 
Fixed points under the action of F (which is multiplication by q) correspond to solutions to the 
equations + + = 0, > > — %■ < 1. The number of such solutions is 

^ q—l q — 1 q—L ' q—1 — q~l — g— 1 ' q—1 q—1 — 

/cn 

so they can be counted by the methods of Theorem |2|. Doing this, and comparing with the formula 
for Xq in Theorem ^ proves the result for the identity element. 

Next we argue that the measures agree for the permutation whose 2-line form is 321 (i.e. the 
longest element). From Theorem ||, the mass which Xq puts on this element is seen to be 

if (7 = 0, 1 mod 3 
ifq = 2 mod 3 

Now consider an F-stable element of Ap' which is stabilized by 321 but by no other elements. Next 
we argue that necessary and sufficient conditions for the coordinates (ci, 02,03) of such a point are 
the inequalities 

aq + b ^ {q'^ -1) - {a + b){q + l) ^ bq + a-{q^-l) 



ci = > C2 = 5 > C3 



— 1 q'^ — 1 — 1 
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and ci — C3 < 1 with a,b integers satisfying {q — 1) > b > a > 0. Here C2 = — (ci + C3), so it is 
enough to argue for the form of ci and C3. Observe that < ci < 1 and C3 < 0, since the origin, 
though stabihzed by 321, is also stabilized by the identity, which is shorter. The form of ci follows 
since F'^ stabilizes (ci, C2, C3), but F does not (note that b > a since ci — C3 < 1 and b ^ a since F 
does not stabilize (01,02,03)). 

The inequalities oi > 02 > 03 and ci — C3 < 1 imply without much difficulty that 2a + b > q — 1. 
Rewriting ci > 02 and C2 > C3 gives that 

g(2a + 6 - - 1)) + (a + 26 - (g - 1)) > 

q^-l> q{2b + a-{q-l) + ((2a + 6) - (g - 1)) 

Viewing the sums in these inequalities as base q expansions and using the facts that 2a + b > q — 1 
and 2b + a > 2a + b, one concludes that our system of inequalities is equivalent to the system of 3 
inequalities 

q-l>b>a>0 

< 26 + a < 2(g- 1) 
2a + b>q-l 

To count the number of integer solutions, we first count solutions ignoring the third constraint, 
then subtract off solutions satisfying 2a + b < q — 1. We only work out the case q = 2 mod 3, the 
other cases being similar. The number of solutions ignoring the third inequality is 

6=1 b=^+l 

The number of solutions obtained by replacing the third inequality with 2a + 6 < g — 1 is readily 
computed to be ~g^~^ , implying that the number of solutions to the original inequalities is : 
as desired. 

From Theorem |^, the element Xq assigns equal mass to the remaining two tranpositions 213 
and 132 in S3. Noting that {01,02,03) G Api is F-stable if and only if {—03, —02, — ci) is F-stable, 
it follows that the construction of this section also assigns equal mass to 213 and 132. Thus it 
remains to show that the construction of this section and Xq assign equal mass to the conjugacy 
class of all transpositions. From Lemma ^, the construction of this section assigns equal mass to 
the conjugacy class of transpositions as does the map The result now follows by Theorem]^ 
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To argue for the class of 3-cycles, from Theorem ^ the element Xq assigns equal mass to the 
permutations (123) and (132). Noting that (ci, 02,03) G Ap' is F-stable if and only if (— C3, — C2, — ci) 
is -F-stable, it follows that the construction of this section also assigns equal mass to (123) and (132). 
Now argue as in the preceeding paragraph. □ 

Proposition ^ shows that the idea behind Theorem |^ carries over to the identity conjugacy class 
in type A. 

Proposition 4 In type An-i, pick one of the q^~^ F-stable elements v of Api uniformly at random. 
Let w be the shortest element of W such that the equation qv = wv + y has a solution for some 
y . Then the chance that w is the identity is equal to the coefficient of the identity in Xq. 

Proof: The proposition follows from Lemma ^ and Corollary |2|. □ 

Based on Lemma Theorem |8|, and Proposition we propose 

Conjecture 2: In type pick one of the F-stable elements v of Api uniformly at random. 
Let w be the shortest element of W such that the equation qv = wv + y has a solution for some 
y € y. The induced probability measure on W agrees with that given from Xq. 

Problem: Is the obvious analog of Conjecture 2 true in all types? 
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